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Abstract
We formulate quantum theory taking as a starting point the cone of states.
1 Introduction
The starting point of algebraic quantum theory is a unital associative algebra A with
antilinear involution A→ A∗. The observables are self-adjoint elements of the algebra
(fixed points of the involution). States are defined as positive linear functionals on
A. ( One says that a linear functional ω is positive if ω(A∗A) ≥ 0 for A ∈ A. It is
normalized if ω(1) = 1.) States constitute a cone ( denoted by C) in the the space L of
linear functionals obeying ω(A∗) = ω(A).
We are taking as a starting point a cone C in a normed space (or, more generally,
in topological vector space) L. Elements of C are called states. We fix also a linear
functional e on L that allows us to define a normalized state as a state ω obeying
e(ω) = 1. We show how one can define observables and probabilities using these data.
It was noticed many years ago that the associative algebra A does not have any
direct physical meaning because a product of self-adjoint elements is not necessarily
self-adjoint. The remark that the anticommutatorAB+BA of two self-adjoint elements
is self-adjoint led to the notion of Jordan algebra [2],[1]. By definition Jordan algebra
is a commutative algebra such that every subalgebra generated by one element is asso-
ciative. Jordan algebras and Jordan superalgebras were studied in numerous papers,
the first classification result was proven in [2], classification of Jordan superalgebras
studied by Kac and Zelmanov [3],[4].
One can define the set of non-negative elements of Jordan algebra as the set of all
elements that can be represented as squares. Under some conditions one can prove
that this set is a cone. Then we can consider the corresponding quantum theory.
One can construct quantum theory starting with any cone. It seems, however,
that the most interesting theories correspond to homogeneous cones ( an open cone is
called homogeneous if the group of automorphisms acts transitively). Homogeneous
cones and corresponding homogeneous complex domains were studied in numerous
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papers. In finite-dimensional case they were classified by E. Vinberg [5], [6], [7], [8]. In
particular, self-dual cones correspond to Euclidean Jordan algebras.
One can hope that this beautiful results will lead to new interesting examples of
quantum theories.
The probabilities in conventional formulation of quantum mechanics can be derived
from decoherence; see, for example, [9]. In this geometric approach we introduce the
probabilities axiomatically, however, one can apply the considerations of [9] to derive
them from first principles (at least for integrals of motion). ( In our approach the
prescription for calculation of probabilities was first derived from decoherence and
later axiomatized.)
2 Quantum theory: states and observables
We are starting with a cone C in a normed vector space L. ( It is easy to generalize our
constructions to the case when L is a topological vector space.) We consider a cone as
a convex subset such that for every λ ≥ 0 and x ∈ C we have λx ∈ C. Equivalently one
can say that a cone is a subset of L such that λx + µy ∈ C for x, y ∈ C, λ, µ ≥ 0. We
assume that the cone C is a closed set and that it can be considered as as a closure of
open cone.
We fix a linear functional e on L (normalizing functional). We say that a state ω
obeying e(ω) = 1 is normalized. The set of normalized states will be denoted by C0;
we assume that this set is bounded.
Automorphisms of the cone C are defined as invertible linear operators on L in-
ducing a bijective map of the cone C onto itself. The group of automorphisms will be
denoted by Aut. We will be interested first of all in the subgroup of Aut consisting
of automorphisms that preserve the normalizing functional e; this subgroup will be
denoted by U . It consists of automorphisms of C0.
The evolution is specified by a family σ(t) ∈ U (a family of automorphisms of
C0).The Hamiltonian H(t) should be regarded as an infinitesimal automorphism:
i
dσ(t)
dt
= H(t)σ(t).
If H(t) = H does not depend on time we write σ(t) = e−iHt.
More generally a physical quantity A specifies an infinitesimal element of U (i.e. it
generates a one-parameter group α(t) of automorphisms of C preserving e.)
We consider a physical quantity as a pair (A, a) where A is an infinitesimal auto-
morphism and a is a linear functional that is invariant with respect to α(t).
In standard formulation a self-adjoint operator Aˆ on Hilbert space H determines
an operator A on density matrices and linear functional a:
A(K) = AˆK −KAˆ
a(K) = TrAˆK
The group U can identified with the group of unitary transformations of H acting
on density matrices by the formula K → UKU−1. The infinitesimal elements of U
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correspond to self-adjoint operators in H. The family of automorphisms α(t) is given
by the formula
α(t)K = e−iHtK = e−iHˆtKeiHˆt.
3 Probabilities
For a physical quantity (A, a) we introduce an operator
QA = lim
ǫ→0
∫ √
ǫ√
2π
e−ǫt
2
α(t)dt
mapping the set of normalized states C0 into the set of normalized states obeying
Ax = 0 (into the set of stationary states if A = H).
To calculate the probabilities of the physical quantity (A, a) in a normalized state
x we should calculate QAx and represent it as a mixture of extreme states sk in QAC0
(of pure states):
QAx =
∑
pksk.
Then we are saying that the measurement gives us a(sk) with the probability pk
Notice that it follows from boundedness of C0 that the automorphisms α(t) = e−iAt
are bounded operators. This implies that all eigenvalues of A are real and that there
are no associate generalized eigenvectors ( Jordan blocks are one-dimensional). If A
has discrete spectrum we can conclude that in appropriate basis the operator A is
diagonal: Aǫn = anǫn, an ∈ R. It is easy to check that QAǫn = ǫn if an = 0, QAǫn = 0
if an 6= 0. ( In other words QA is a projection on the KerA.)
In the standard formalism, when A is a commutator with Aˆ , the eigenvectors of
A correspond to a pair of eigenvectors of Aˆ and the eigenvalues of A are differences of
eigenvalues of Aˆ. In Aˆ representation the basis of the space of trace class operators
consists of matrices having only one non-zero entry equal to 1. If the spectrum of the
operator Aˆ is simple the operator QA sends all non-diagonal matrices to zero and leaves
intact diagonal matrices.
Acknowledgement I am indebted to V. Kac and E. Vinberg for very useful dis-
cussions.
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